We study the noise of the cotunneling current through one or several tunnel-coupled quantum dots in the Coulomb blockade regime. We consider the regime of weak (elastic and inelastic) cotunneling, and prove a non-equilibrium fluctuation-dissipation theorem which leads to a universal expression for the noise-to-current ratio (Fano factor).
Introduction
In recent years, there has been great interest in the shot noise in mesoscopic systems, 1 because it contains additional information about correlations, which is not contained, e.g., in the linear response conductance. The shot noise is characterized by the Fano factor F = S/eI, the dimensionless ratio of the zero-frequency noise power S to the average current I. While it assumes the Poissonian value F = 1 in the absence of correlations, it becomes suppressed or enhanced when correlations set in as e.g. imposed by the Pauli principle or due to interaction effects. In the present paper we study the shot noise of the cotunneling 2,3 current. We consider the transport through a quantum-dot system (QDS) in the Coulomb blockade (CB) regime, in which the quantization of charge on the QDS leads to a suppression of the sequential tunneling current except under certain resonant conditions. We consider the transport away from these resonances and study the next-order contribution to the current a (see Fig. 1 ). One might expect that the cotunneling, being a two-particle process, leads to strong correlations in the shot noise and to the deviation of the Fano factor from its Poissonian value F = 1. As it has been found recently, 5 this is indeed the case for the regime of strong cotunneling, i.e. when the cotunneling rate I/e is large compared to the intrinsic relaxation rate w in of the QDS to its equilibrium state due to the coupling to the environment, I/e ≫ w in . However we find here, that in the weak cotunneling regime, I/e ≪ w in , the zero-frequency noise takes on its Poissonian value, as first obtained for a special case. 6 This result is generalized here, and we find a universal relation between noise and current for the QDS in the first nonvanishing order in the tunneling perturbation. Because of the universal character of this result (Eq. 12) we call it the nonequilibrium fluctuation-dissipation theorem (FDT) 7 in analogy with linear response theory.
Model system
In general, the QDS can contain several dots, which can be coupled by tunnel junctions, the double dot (DD) being a particular example. 6 The QDS is assumed to be weakly coupled to external metallic leads which are kept at equilibrium with their associated reservoirs at the chemical potentials µ l , l = 1, 2, where the currents I l can be measured and the average current I through the QDS is defined by Eq. 5. Using a standard tunneling Hamiltonian approach, 8 we write
a The majority of papers on the noise of quantum dots consider the sequential tunneling regime, where a classical description ("orthodox" theory) is applicable. 4 In this regime the noise is generally suppressed below its full Poissonian value F = 1. This suppression can be interpreted 5 as being a result of the natural correlations imposed by charge conservation. 
where the terms H L and H S describe the leads and QDS, respectively (with k and p from a complete set of quantum numbers),and tunneling between leads and QDS is described by the perturbation V . The interaction term H int does not need to be specified for our proof of the universality of noise. The N -electron QDS is in the cotunneling regime where there is a finite energy cost ∆ ± (l, N ) > 0 for the electron tunneling from the Fermi level of the lead l to the QDS (+) and vice versa (−), so that only processes of second order in V are allowed.
To describe the transport through the QDS we apply standard methods 8 and adiabatically switch on the perturbation V in the distant past, t = t 0 → −∞. The perturbed state of the system is described by the time-dependent density matrix ρ(t) = e −iH(t−t 0 ) ρ 0 e iH(t−t 0 ) , with ρ 0 being the grand canonical density matrix of the unperturbed system, ρ 0 = Z −1 e −K/k B T , where we set K = H 0 − l µ l N l . Because of tunneling the total number of electrons in each lead N l = k c † lk c lk is no longer conserved. For the outgoing currentsÎ l = eṄ l we havê
The observables of interest are the average current I ≡ I 2 = −I 1 through the QDS, and the spectral density of the noise S ll ′ (ω) = dtS ll ′ (t) exp(iωt),
where δI l =Î l −I l . Below we will use the interaction representation where Eq. 5 can be rewritten by replacing ρ(0) → ρ 0 andÎ l (t) → U † (t)Î l (t)U (t), with
In this representation, the time dependence of all operators is governed by the unperturbed Hamiltonian H 0 .
Non-equilibrium fluctuation-dissipation theorem
We note that the two currentsÎ l are not independent, because [Î 1 ,Î 2 ] = 0, and thus all correlators S ll ′ are nontrivial. The charge accumulation on the QDS for a time of order ∆ −1 ± leads to an additional contribution to the noise at finite frequency ω. Thus, we expect that for ω ∼ ∆ ± the correlators S ll ′ cannot be expressed through the steady-state current I only and thus I has to be complemented by some other dissipative counterparts, such as differential conductances G ll ′ . On the other hand, at low enough frequency, ω ≪ ∆ ± , the charge conservation on the QDS requires δI s = (δI 2 + δI 1 )/2 ≈ 0. Below we concentrate on the limit of low frequency and neglect contributions of order of ω/∆ ± to the noise power. In the Appendix we prove that S ss ∼ (ω/∆ ± ) 2 (see Eq. 20), and this allows us to redefine the current and the noise power as I ≡ I d = (I 2 − I 1 )/2 and S(ω) ≡ S dd (ω). b In addition we require that the QDS is in the cotunneling regime, i.e. the temperature is low enough, k B T ≪ ∆ ± , although the bias ∆µ is arbitrary as soon as the sequential tunneling to the dot is forbidden, ∆ ± > 0. In this limit the current through a QDS arises due to the direct hopping of an electron from one lead to another (through a virtual state on the dot) with an amplitude which depends on the energy cost ∆ ± of a virtual state. Although this process can change the state of the QDS (inelastic cotunneling), the fast energy relaxation in the weak cotunneling regime, w in ≫ I/e, immediately returns it to the equilibrium state (for the opposite case, see Ref. 5 ). This allows us to apply a perturbation expansion with respect to tunneling V and to keep only first nonvanishing contributions, which we do next.
It is convenient to introduce the notationD
We notice that all relevant matrix elements, N |D l (t)|N + 1 ∼ e −i∆ + t , N − 1|D l (t)|N ∼ e i∆ − t , are fast oscillating functions of time. Thus, under the above conditions we can writeD l (∞) = 0, and even more general, +∞ −∞ dt D l (t)e ±iωt = 0 (note that we have assumed earlier that ω ≪ ∆ ± ). Using these equalities and the cyclic property of the trace we obtain the following results (for details of the derivation, see Appendix),
where we have dropped a small contribution of order ω/∆ ± and used the notation . . . = Trρ 0 (. . .).
Next we apply the spectral decomposition to the correlators Eqs. 7 and 8, a similar procedure to that which also leads to the equilibrium fluctuation-dissipation theorem. The crucial observation is that [H 0 , N l ] = 0, l = 1, 2. Therefore, we are allowed to use for our spectral decomposition the basis |n = |E n , N 1 , N 2 of eigenstates of the operator K = H 0 − l µ l N l , which also diagonalizes the grand-canonical density matrix ρ 0 ,
We introduce the spectral function,
and rewrite Eqs. 7 and 8 in the matrix form in the basis |n taking into account that the operator A, which plays the role of the effective cotunneling amplitude, creates (annihilates) an electron in the lead 2 (1) (see Eqs. 3 and 7). We obtain following expressions
S(ω, ∆µ) = e 2 2 ± A(∆µ ± ω) .
b We note that charge fluctuations, δQ(t) = 2
, on a QDS are also relevant for device applications such as SET. 9 While we focus on current fluctuations in the present paper, we mention here that in the cotunneling regime the noise power δQ 2 ω does not vanish at zero frequency, δQ 2 ω=0 = 4ω −2 Sss(ω)|ω→0 = 0. Our formalism is also suitable for studying such charge fluctuations; this will be addressed elsewhere.
We note that because of additional integration over time t in the amplitude A (see Eq. 7), the spectral density A depends on µ 1 and µ 2 separately. However, away from the resonances, ω ≪ ∆ ± , only ∆µ-dependence is essential, and thus A can be regarded as being one-parameter function. c Comparing Eqs. 10 and 11, we obtain S(ω, ∆µ) = e 2 ± coth ∆µ ± ω 2k B T I(∆µ ± ω)
up to small terms on the order of ω/∆ ± . This equation represents our nonequilibrium FDT for the transport through a QDS in the weak cotunneling regime. A special case with T, ω = 0, giving S = eI, has been derived earlier. 6 To conclude this section we would like to list again the conditions used in the derivation. The universality of noise to current relation Eq. 12 proven here is valid in the regime in which it is sufficient to keep the first nonvanishing order in the tunneling V which contributes to transport and noise. This means that the QDS is in the weak cotunneling regime with ω, k B T ≪ ∆ ± , and I/e ≪ w in .
